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ABSTRACT 



We derive the most general flux-induced superpotential for M = 1 M- 
theory compactifications on seven-dimensional manifolds with SU (3) struc- 
ture. Imposing the appropriate boundary conditions, this result applies for 
heterotic M-theory. It is crucial for the latter to consider SU(3) and not 
G2 group structure on the seven-dimensional internal space. For a particular 
background that differs from CY(3) x S' 1 /Z 2 only by warp factors, we inves- 
tigate the flux-generated scalar potential as a function of the orbifold length. 
We find a positive cosmological constant minimum, however at an undesirably 
large value of this length. Hence the flux superpotential alone is not enough 
to stabilize the orbifold length at a de Sitter vacuum. But it does modify 
substantially the interplay between the previously studied non-perturbative 
effects, possibly reducing the significance of open membrane instantons while 
underlining the importance of gaugino condensation. 
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1 Introduction 

The four-dimensional effective action of string and M-theory compactifications contains 
many moduli — scalar fields arising from deformations of the internal space. The lack of a 
potential for these fields leads to vacuum degeneracy and loss of predictability of the four- 
dimensional coupling constants. The resolution of this longstanding moduli-stabilization 
problem has started taking shape only in recent years. In particular, it was shown that 
the superpotential, generated by turning on background fluxes, stabilizes the complex 
structure moduli in type IIB PQ 1 and all geometric moduli in type IIA [HI IH Ej. It was 
1 The Kahler moduli can be stabilized by non-perturbative effects [2]. 
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also argued that flux compactifications can fix the radial modulus in the heterotic string 
case jnj- 

The form of the flux superpotentials in string and M-theory was first deduced in |3 IH1 
E] and subsequently refined and verified in ^01 E] arid many others. For a recent thorough 
review of the literature on flux compactifications and an exhaustive list of references 
see [12] • Remarkably, heterotic M-theory has remained aside from these considerations 
despite the fact that it admits only nonzero background-flux solutions. The reason is that 
its action is mostly unknown beyond order k 2 ^ 3 , where k is the gravitational coupling 
constant. Recall that this theory is obtained by compactifying M-theory on a CY(3) 
times an interval S l jlL^. The presence of boundary sources leads to nonvanishing lid 
supergravity four-form G and an effective action which has an expansion in powers of 
k 2 / 3 fSl El- Due to technical difficulties though, only the bosonic terms of 0(n 2 / 3 ) 
together with some 0(k, 4 ^ 3 ) terms have been found so far ^3]. On the other hand, the 
flux superpotential is at least linear in the flux and since the background G-flux is itself of 
order k 2//3 , then the flux-superpotential contribution to the bosonic part of the effective 
action would be of order k 4 / 3 and higher (as the potential is schematically U ~ W 2 ). So 
the currently known results from dimensional reduction of the bosonic lid supergravity 
action [T3] are not enough to detect the presence of a flux-generated superpotential. 

However, one can extract the superpotential W, without resolving the difficulties of 
going to higher orders in the heterotic M-theory action 2 , by using the fact that W ap- 
pears linearly in the gravitino mass term of the 4d effective theory. This strategy for 
obtaining the superpotential was already used in the cases of the heterotic string on half- 
flat manifolds [TH], M-theory on G-i structure manifolds JH] and (massive) IIA on 577(3) 
structure ones |20j. We will apply it to Af = 1 M-theory compactifications on S77(3) 
structure spaces. Imposing the appropriate boundary conditions, these considerations 
become relevant for heterotic M-theory. 

The importance of group structures for the study of flux compactifications was realized 
since the work of [21]. More precisely, this is the suitable generalization of the notion of 
holonomy of the internal space for manifolds with torsion, the latter being induced by 
the backreaction of the flux on the geometry. For the case of S77(3) structure, there 
are two Majorana spinors which are covariantly constant with respect to the connection 
with torsion, determined by the flux. Nevertheless, the four- dimensional effective theory 
can have either M = 1 or M = 2 supersymmetry depending on the ansatz giving the 
eleven-dimensional spinors in terms of external and internal ones. Our derivation of the 
2 These difficulties may eventually be overcome in the approach of |16II17| . 
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superpotential is performed for the most general Af = 1 ansatz, given in [22J. 3 The latter 
work extracts partial information about the superpotential with on-shell methods and our 
results are compatible with theirs. 

Obtaining the superpotential from dimensional reduction of the fermionic terms of 
the eleven-dimensional supergravity action, gives a result which is exact in terms of the 
k 2 / 3 expansion of heterotic M-theory. One can expand it to any desired order, but it is 
guaranteed (as we already explained) that the lowest order in the scalar potential that 
it contributes to is k 4 / 3 . Hence one may wonder whether it is justified to keep this flux- 
induced superpotential, Wfi ux , in the scalar potential given that most of the bosonic part 
of the heterotic M-theory effective action is not known at the orders at which Wfi ux 
matters. However, the recent exciting advances in understanding the strongly coupled 
limit of the E 8 x E 8 heterotic string, namely finding de Sitter j2H] and assisted inflation [21] 
solutions, employed in an essential way non-perturbative effects (to generate W non _ pert ) 
and an exact, containing all orders in k 2//3 , background Therefore, it is a perfectly 
legitimate and even pressing question to try to take into account any corrections to their 
considerations, that one can estimate. 

We find that for a background that differs from the zeroth order one, CY(3) x S 1 /^, 
only by warp factors, as in [25], the flux-generated superpotential modifies substantially 
the analysis of the orbifold length stabilization. More precisely, the scalar potential due 
to Wfi ux alone, without the inclusion of any non-perturbative effects, does have a de 
Sitter minimum. However, it occurs at a value of the orbifold length that is slightly 
larger than the maximal allowed one. Therefore, it is of crucial importance to also take 
into account gaugino condensation, which seems poised to help in lowering the location 
of the minimum. On the other hand, the role of membrane instantons does not seem 
significant once the flux superpotential is included. For more general backgrounds, in 
which the initial CY(3) is deformed to a non-Kahler manifold, the form of Wfi ux is such 
that potentially it could stabilize all geometric moduli, similarly to type IIA. 

We also find that, when Wfi ux is no n- vanishing, the charged matter fields C 1 , originat- 
ing from the boundary E 8 gauge multiplets, are not stabilized at exponentially suppressed 
values anymore. Hence the question whether or not one can neglect them while extrem- 
izing the potential w.r.t. to the rest of the fields, as in is more subtle and its answer 
depends on the explicit backgrounds. 

The organization of this paper is the following. In Section 2 we derive the flux- 

3 We comment on the compatibility of this ansatz with the heterotic M-theory boundary conditions in 
Subsection EHI 
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induced superpotential from dimensional reduction of the fermionic lid terms and reading 
off the coefficient of the resulting 4d gravitino mass term. In Subsection 2.1 we review 
necessary material about SU(3) structure manifolds and in Subsection 2.2 we perform the 
computation of the superpotential. We also make the observation that for the application 
to heterotic M-theory it is of crucial importance to consider SU(3) structure on the 
internal seven-dimensional manifold rather than G2 structure. In Section 3 we consider 
the implications of this superpotential for moduli stabilization. More precisely, for a 
particular heterotic M-theory background we investigate whether the orbifold length can 
be stabilized at a dS vacuum without the need of non-perturbative effects. As an aside we 
also derive the modification of the generalized Hitchin flow equations due to the eleven- 
dimensional R 4 term to order k 4 / 3 . In Section 4 we discuss the role of perturbative 
corrections to the Kahler potential of the universal moduli and also the influence of Wfi ux 
on the vevs of the charged matter fields C 1 . Finally, in the Appendix we summarize 
our conventions and give some results on seven-dimensional SU(3) structures that are 
necessary for our calculations. 

2 Flux superpotential 

Before embarking on the computation of the flux-induced superpotential, let us explain 
the relevance of SU (3) structures for our considerations. 

At zeroth order the background of Hofava-Witten theory, which leads to M = 1 
supersymmetry in four dimensions, has the form R 1 ' 3 x CY{3) x S ,1 /Z 2 . However, it is 
well-known that the presence of boundary sources modifies the Bianchi identity of the 
lid supergravity 4-form field strength G. As a result, any solution of this theory must 
have non-vanishing flux. The deformation, due to the background flux, appears at orders 
k 2 / 3 and higher. For special choices of the flux, the backreaction on the geometry can 
be encoded only in warp factors. But for generic G-flux, the appearance of warp factors 
has to be accompanied by a deformation of the initial CY(3) to a non-Kahler manifold 

12*5] . As the dependence of the latter six-dimensional space on the eleventh (interval) 
direction is one of the characteristic features of the strongly coupled limit of the E 8 x E 8 
heterotic string, one obtains the picture that the internal seven-dimensional manifold of a 
Hofava-Witten compactification is a fibration of a non-Kahler manifold along an interval. 
Such an internal space can be described in the language of group structures as a seven- 
manifold with 577(3) structure. The weak coupling limit, which is the E 8 x E 8 string on 
a six-dimensional space with SU (3) structure, is achieved by turning off the dependence 
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on the interval. 

One might have thought that since the 4d Poincare-invariant effective theory has 
M = 1 supersymmetry, the internal space could be described most usefully in terms of 
(?2 structure. However, it was shown in [2Zj that G2 structure does not allow nontrivial 
fluxes and warp-factors. 4 On the other hand, SU(3) structure can lead to either M = 1 or 
M = 2 supersymmetry depending on the ansatz for the lid supergravity Killing spinor. 
We will be more precise on the ansatz of interest to us (i.e. for the Af = 1 case) in a short 
while. 

Let us now recall the basic features of £77(3) structure manifolds that we will need. 
For more details we refer the reader to e.g. |28j . 

2.1 SU(S) structures in 6 and 7 dimensions 

In six dimensions an SU(3) structure is defined by a real 2-form J and a holomorphic 
3-form Q that satisfy the compatibility conditions: 

3i 

JAO = and JAJAJ=-fiAH. (2.1) 

4 

Their non-closedness characterizes the deviation from SU(3) holonomy: 

dJ = — -Im(Wifi) + W3 + J A Wa 

dQ = WiJA J + J A W 2 + fi A W 5 , (2.2) 

where Wi, i = 1, ...,5, are called torsion classes. They have to satisfy the following 
relations: 

J A W 3 = , J A J A W 2 = , ft A W 3 = . (2.3) 
The class Wi appears as the coefficient of both dj(3.o)©(o,3) and dn (2,2) due to ^ and 
(|2.3jl . In weakly coupled heterotic string compactifications, supersymmetry requires that 
the internal manifolds have Wi = = W2 29J, which, in particular, means that they are 
complex although generically non-Kahler. 

A seven-dimensional SU(3) structure is defined by a real vector v , 5 a real 2-form J 
and a holomorphic 3-form Q, with J and Q satisfying (|2.1j) and in addition: 

i v J = and i v Q = . (2.4) 

The only nontrivial, i.e. different from G2 holonomy, situation allowed by G2 structure considerations 
is compactification on a weak G2 manifold with the external space being AdS^ |27| . 
5 For convenience we will denote its dual one-form by the same letter. 
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The exterior differentials dv, dJ and dVt now determine 14 torsion classes. For our purposes 
though, it is not necessary to write down their explicit form; more details on them can 
be found in e.g. [321 122]- It is important to note that due to (j'2.4)) any seven-dimensional 
SU{2>) structure manifold naturally is a fibration of a 6d SU{2>) structure space over 
an additional dimension. Furthermore, any compact 7d orientable manifold admits two 
nowhere vanishing vector fields [21], which implies that every compact 7d spin manifold 
admits 577(2) structure [32]. As a result, it also admits SU{2>) and G2 structure. So we 
have not imposed any restriction (other than being spin, which is anyway necessary for 
supergravity) on the internal manifold by requiring that it has SU(3) structure. However, 
physics does depend on which G-structure the reduction of the eleven-dimensional spinors 
is adapted to, as will become more clear below. 

2.2 The superpotential 

Now, we will extract the superpotential from the gravitino mass term of the 4d effective 
theory. This term follows straightforwardly from dimensional reduction of the fermionic 
terms of the lid action. As already mentioned, the same approach to obtaining the 
superpotential in a flux compactification has also been used in ^H] for the weakly coupled 
heterotic string on half-flat (a special case of SU (3) structure) manifolds, in [20] for IIA 
with SU(3) structure, and (more relevant to our case) in [F3\ for M-theory on G^-structure 
manifolds. 

Let us also note, that partial results on the superpotential relevant to our case have 
been obtained in [22]- However, their consideration is intrinsically on-shell and hence it 
cannot distinguish between fluxes and torsions. Besides, it can only give information about 
the value of the superpotential at a given vacuum. On the other hand, we are interested 
in the superpotential as a part of the effective action. This is an off-shell quantity that 
contains information about the independent fluctuations of the flux and geometry degrees 
of freedom. For this reason we want to obtain it via dimensional reduction of the eleven- 
dimensional supergravity action. We will see that our results are compatible with the 
partial information found in 
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2.2.1 Preliminaries 



The Lagrangian for supergravity in 11 dimensions can be written as 



K 



e -R - ^ M T MNP D N m P - ^G A *G - AG AG 



(2.5) 



where G = dC and = ^Pg. The full action includes four-fermion terms (including 
those hidden in the precise definition of the spin connection) but they are not relevant for 
obtaining the gravitino mass term in four dimensions (which is all we will require) and so 
we do not exhibit them. In the heterotic M-theory action there are also boundary terms 
containing the Eg gauge fields; we will comment on their implications later on. 

To perform the dimensional reduction we need an ansatz for the embedding of the 4d 
gravitino, ip^, in the lid one, ^m, with the help of the internal spinors. The most general 
ansatz, which leads to an M = 1 compactification on an SU (3) structure space, is the one 
considered in |22j: 7 

* M = VV ® M + a* R 9*) + ^ ® (a* L 9* + a R 9) , (2.6) 

where and a R are complex functions of the internal coordinates, ip^ is a 4d Weyl 
gravitino and 6, 9* are the SU(3) singlet internal spinors. 8 We will normalize 9W = 
9 T 9* = 1. Note that we also have 9 T 9 = 9^9* = 0. Taking = or a R = 0, one obtains 
the ansatz that was studied in |30, l2*7j . On the other hand, taking ai = a* R one recovers 
the ansatz appropriate for compactification on G2 structure [TTH I36j . 

We also need to know the relations between the SU(3) structure defining forms v, J, 
Q and the non- vanishing spinor bilinears that one can construct from 9 and 9*. As nicely 

6 We have made the following rescalings relative to [33]: k/\/2,Guj — > G( 4 )/(\/2k), * — * W/k. We 
use the mostly-plus convention for the metric and, since (as we will discuss) we use a real representation 
for the gamma matrices, we take T — > il\ This form of the action matches that of who considered 
the Gi structure case, and thus allows an easier comparison with their results. 

7 It was remarked in [221 that the ansatz l|2.6|l cannot be embedded in Hofava-Witten theory because 
it does not survive the Z2 projection, since it does not give a 6d chiral spinor in the internal space 
orthogonal to the interval. However, the internal space of heterotic M-theory is CY(3) x S 1 /Z2 only 
at leading order. At higher orders, as already explained, it is in principle a seven-dimensional manifold 
with SU(3) structure. And one only has to ensure that the spinors are chiral at the boundaries (but not 
necessarily in the bulk), which is achieved by imposing the boundary condition — > or an — > as one 
approaches the boundary. For a related discussion, see for example |35|. 

8 To be more precise, 6 = t\ + it^ with the Majorana spinors 61,2 being the SU(3) singlets. 
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summarized in [22J, these are given by (we write down only the relations that will be 
necessary for our computation): 

V a = # f 7a , Jab = -i ] lab 9 , & a bc = ~l ^ "labc 9, 

_ _ _ (2.7) 

(« A J) afec = -z e^abc 9, (J A J) abcd = -2Q^ abcd 9, (v A fi) abcd = 1 6» T 7 af)cd , 

where a, 6, ... = 1, 7 are the internal indices. We use the conventions of [22], i n which 7 a 
are purely imaginary and hermitian. The (real) eleven-dimensional gamma matrices are 
given in terms of the four-dimensional, 7 M , and seven-dimensional, 7°, gamma matrices 
by r M = 7 M <g> 1 and T a+4 = 7 <g> 7a with 7 = ^e^pa^YYl '■ We also define T = T 4 . 
Since in four dimensions the gravitino mass term has the form 9 

c ( r ss) = U K/2 (w^Y u r„ + c.c.) , (2.8) 

2 Z 

we only need to extract the coefficient of the terms containing ip^^ip*. For simplicity 
and easier comparison with existing literature, we start by considering a direct product 
metric 

ds 2 n = ds\ + ds 2 7 (2.9) 

and will include the appropriate warp factors later on. Let us also note that the component 
= ^o® (cil9 ' + o>*r9*) + "0a® { a L@* + a R.9) will lead to mixed terms between the gravitino 
ifru and the spin 1/2 fermion ip a . Hence, to obtain the standard 4d supergravity, one has 
to redefine the gravitino by a shift proportional to ip a . However, this does not affect the 
mass term we are interested in and so for convenience we will work with the original i/j^,. 

It is clear that from (|2.8j) one can only extract the combination e K ^ 2 W. To address 
its splitting into a Kahler potential and a superpotential, we need to be more careful 
with the normalization of the various terms in the effective action that results from the 
dimensional reduction. In particular, in order to obtain the canonical normalization of 
the kinetic terms in the 4d supergravity action one has to perform the following rescalings 

g^v -> V^g„u , 7m -» V ( 7 } 1/2 7/x » Vv V (7) V4 ^ , ( 2 - 10 ) 

where Vm is the volume of the seven-dimensional internal space. In addition, given that 

9'9 = 1, the normalization of the gravitino kinetic term forces |ql| 2 + |or| 2 — 1- Examining 

the effect of the rescalings of the 4d fields in (j2.10j) on the gravitino mass term, we are 

9 Note that this is the correct form of the spinor bilinear in the mass term of a 4d Weyl (as opposed 
to Majorana) gravitino. 
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led to the result: 

e K/2 W = — ^ [result of dim. reduction] . (2.11) 

(X) 

Now, in M-theory compactifications on G2 holonomy spaces the Kahler potential turns 
out to be 

tf = -31nV(7). (2.12) 

This formula was found to give consistent results for compactifications on G2 structure 
manifolds as well ^Hj. It is natural then to assume that it also applies for compactifications 
on seven-dimensional spaces with SU(3) structure. Hence the superpotential W can be 
read off immediately from the 4d gravitino mass term. 10 For convenience, from now on 
we will work with the rescaled fields and view the power of Vrn as already being taken 
care of via (|2.12jl . 

We are finally ready to do the dimensional reduction. 

2.2.2 Reduction of the flux term 
Using (|2.6|) . we find from the lid flux term: 



1 -* M r MNPQRS * N G PQR s = -^^r u ru[<a R e^ abcd e + (ai) 2 e^ abcd o* 



8x4! 1V1 JV r ^ 8x4! 

+ a R a* L 6 T r bcd 0* + (a R ) 2 6 T r bcd e] G abcd + ... . (2.13) 

The denote terms that do not contain tp^^ip*. Relations ()2.7|) imply, upon using 
that *j(J A J) = 2 J Av and *j(ClAv) = iCl, that the part of the superpotential extracted 
from (|2.13|) can be written as 

W (fiux) = 1 J a * LaR GA ] Av + }_J ^ aR y Ga q + ( fl *)2 q A _ ( 214 ) 

This is compatible with [221 (modulo the redefinitions: a* L — ► and a R — > a* R ). The 

constraint that the superpotential vanish for cll = in their on-shell approach just means 

that W^ lux \aL = 0) has only Minkowski minima but not AdS& ones. The expression 

10 One might have thought that in heterotic M-theory things are more subtle, since the Kahler potential 
for the universal moduli, at leading order in the k 2 / 3 expansion, is known to be [E]: K = - Ln(S + S) - 
31n(T + f), where ReS" = V and ReT = £V 1/3 with V being the volume of the six-dimensional non- 
Kahler manifold and C the length of the interval. Hence the power of Vm , resulting from the rescaling 

(|2.1U|) . cannot be completely absorbed in the Kahler potential Kq since e K °/ 2 equals V 1 / 2 !^^ instead 

3/2 

of V^ 7 j . Note however, that there are many other moduli in addition to the universal ones and so Kq 
is not the full answer for the Kahler potential. 
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()2.14|) describes a contribution to the flux superpotential for generic Af = 1 compactifica- 
tions of M-theory on a 7d manifold with SU (3) structure. In order for it to be applicable 
to heterotic M-theory, the equations of motion must be compatible with the appropriate 
boundary conditions, and, in particular, the condition that the function cti tends to zero 
as one approaches the visible boundary. If such a solution is not possible, then one should 
set ql = in the ansatz (|2.6jh to be able to recover the well-known superpotential J H Afl 
[3 E] in the weakly coupled limit, where the NS-NS flux is H = i v G. Notice that the 
first term in (j2.14j) drops out in the weakly coupled limit even when both ai,a R ^ as 
in that limit G = v A H. 

2.2.3 Reduction of the kinetic term 

Let us turn now to computing the contribution from the lid gravitino kinetic term. This 
will lead to new terms in the superpotential compared to the results of [22J. Some relations 
that will be useful for the calculation are summarized in appendix El Consider: 

- h M r MNP D N ^ P = i^T^TVC [K) 2 0Vv a r + a* L a R {e^ a v a e + e T 1 a v a e*) 

+ {a R fe T 1 a V a e + v a {ald a a R -a R d a a* L )\+.... (2.15) 

To obtain a mass term of the form ()2.8|) . we utilize the chirality properties of ip^, i.e. 
7-0* = —if)Z. To get rid of the derivatives we use that 

v a e = K abcl bc e, (2.16) 

where r a b c is the geometric (con)torsion of the internal manifold. Hence, making use of 
(|2.7p . we obtain for the geometric part of the superpotential density the following: 

- v a (a* L d a a R - a R d a a* L ). 

(2.17) 

To write the superpotential W^ 9eom ^ = J yfg w^ 9eom?> in form language we need to use the 
relations (see appendix |B] for more details) 

(dv) ab = 2T[ ab fv c , {dJ)abc = QT[ab d J\d\c] , (dtyabcd = ^[af ^\e\cd} , (2.18) 

which follow from v, J and Q being SU(3) invariant forms . Together with J a b Jb c — ~^a J r 
v a v c , equations ()2.18|) allow one to express the various components of the torsion r abc in 
terms of dJ, J, dCl, fl, dv and v. As a consequence we obtain, upon using Q abc J c d = —iVL abd 



w 



(geom) 



2a* L a R (v A J) abc r abc + (a* L ) 2 n ab ' 



i ^,2 c\abc 
Tabc + Ofjii 



7~abc 
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and * 7 fl = —ifl A v together with (j2.4j) . n that 

W {9eom) = I ^jw {9eom) = - !{a R fv AdJ AQ + ^ / K) 2 v A dJ AQ 



J a* L a R [dtt A Cl + dtt A Q, + Adv A v A J A J] 
a* L da R - a R da* L ) A J A J A J. (2.19) 



i 

16 
1 

6 

One might have thought that the first term in ()2.17|) would also lead to a contribution to 
^{ge-om) Q f f orm dJ A J A J, but this does not happen because the second expression 
in (J2~T3|) applied to v a J bc r abc yields (due to flUD) v a {dJ) ab b + v a {dJ) abc v b v c = 0. Note 
that the last term in (J2.19)) could as well have been written, up to a numerical coefficient, 
as J (a R da* L — a* L da R ) A Q A Q, but due to (|2.1|) these two expressions are equivalent. 
Again, if we set aj, = we can easily recover the superpotential term dJ A Q that is 
known to be present in compactifications of the weakly coupled heterotic string on non- 
Kahler manifolds [HI EH!- As before, W^ 9eom ^ is valid for any Af = 1 compactification of 
M-theory on a seven-dimensional manifold with £77(3) structure. If one wants to apply 
it to Hofava-Witten theory though, one has to make sure that the equations of motion 
allow a solution for which the function goes to zero at the boundaries or else set = 
everywhere. 

Let us also note that the ^ p T^ R ^f s GpQ R s term in the second line of ()2.5|) can also 
contribute to a four dimensional mass term, because although the background value of 
the external flux is zero, it can still have fluctuating components. The effect of this term, 
together with the Chern-Simons one C A G A G, on the flux superpotential has been 
considered in ^H], for the case of G2 structure. They lead to complexification of the 
geometric moduli. We expect the same in our case too, but since we only focus on the 
geometric moduli here, we will not go into details about the moduli of the C-field. 

2.2.4 Including warp factors 

Let us now turn to including non-trivial warp factors in the metric ansatz. More precisely, 
we consider a metric of the form: 

ds 2 u = e 2b ^ n ' xll \ u dx^ + e 2f ^ m ' x ^g ln (x m , x u )dx l dx n + e 2k ^ X \dx u ) 2 , (2.20) 

where /x, v still run over the four external dimensions, whereas the internal indices are 
split into six- dimensional ones (m, n,...) and x 11 . The six- dimensional space with metric 
11 As usual, we have normalized v a v a = 1. 
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gi n admits SU(3) structure and we denote the forms that the latter preserves by J and 
Q. In terms of these and dx 11 , we can express the seven-dimensional 577(3) invariants J, 
Q and v as: 

J = e 2/ J, n = e 3f tt, v = e k dx u . (2.21) 

These rescalings can be seen as arising from the decomposition of the 11-dimensional 
Tm in the presence of warp factors (see appendix [Bj), or more simply as induced by 
appropriate Weyl rescalings of the direct product ansatz (|2.9j) . As in the direct product 
case, the canonical normalization of the four-dimensional gravitino kinetic term leads to 
a constraint on the coefficients cll, cir in the gravitino ansatz (note that we still normalize 
6*6 = 1), which is: 

\a L \ 2 + \a R \ 2 = e b . (2.22) 

To obtain the full superpotential, we have to supplement the substitution of (|2.21j) in 
()2.14j) and ()2.19j) with the additional contribution coming from the modification of the 
derivative, Dm — > D^ arp \ in the lid kinetic term (|2.15j) which is due to the presence of 
the warp factors. To extract the coefficient of the four-dimensional gravitino mass term, 
we only need the components along the internal directions: 



D% ar ti = D m + h m n d n f + h m ll d u f = D m + l -Y m a d a f 
D^ arp) = d n + \v n n dnk = Z>u + \r n a d a k , 



(2.23) 



where, as before, a = ({n},ll). Therefore, we obtain for the contribution of the extra 
terms in B^ arpS} (compared to D a ) to the superpotential density the following: 

w ( Wa r P ) = l _ aRal [(0ty 7 ^ + e T 1 l ll a e*)d a f + (0 + 7 u 7n^ + o T 1 11 ln a e*)d a k] = . 

(2.24) 

The fact that this expression vanishes is easy to see by considering 6^7"$ + 6 Tr j a 6* = 
v a — y a = 0. Hence, although it might have seemed that the warp factors lead to a 
contribution of the form (consti df + consti dk) A J A J A J, this does not happen; as in 
[SHI, they do not affect the form of the superpotential. 

To recapitulate, the superpotential generated in an M = 1 flux compactification of 
M-theory on an internal space with SU(3) structure and metric of the form ()2.20|) is given 
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by the following expression: 



i 



4 



(a R ) 2 G A Q + (a* L ) 2 G A n + -/ (a R ) 2 v AdJAtt + (a* L ) 2 v AdJAtt 



+ \ J a l a R GAJAv ~JqJ a W[<^ A ^ + d & A tt + Adv A v A J A J] 

~ £ J (a* L da R - a R da* L ) A J A J A J, (2.25) 

where relations (|2.21j) should be substituted, and ()2.22|) imposed. In ()2.25j) we have 
collected all the terms that depend either only on a* L or only on a R in the first line. As 
already explained above, when specializing to Hofava-Witten theory, they are the only 
ones that contribute in the weakly coupled limit, in which either a* L or a R is zero. 

2.2.5 Comparison with Gi structure 

We end the current section with a comparison of our result to the superpotential obtained 
from compactifications on G2 structure manifolds. The latter was derived from dimen- 
sional reduction in ^Hj- Ignoring terms that come from fluctuations of the C- field (those 
originating from the lid Chern-Simons and ^/ p T^ r ^/ s Gpq R s terms, that were alluded to 
above), the result of [TH] becomes: 

If = 1( |GA$-J /#A$] , (2.26) 



4 \J 2 _ 

where $ is the G2 structure defining 3-form. 12 As anticipated, our superpotential reduces 
to ()2.26|) in the limit where = a* R . However, the extra generality of our ansatz is 
necessary to describe heterotic M-theory (rather than M-theory) compactifications. To 
see this, recall that any orientable seven-dimensional manifold admits both G2 and 5*^7(3) 
structures and the relation between them is well-known: 

$ = Rett + J Av . (2.27) 

Hence, one might have thought that the superpotential of interest for us could be obtained 

by substituting ()2.27|) in ()2.26|) . It is clear though, that in such a case one cannot recover 

the known weakly coupled limit. In other words, introducing different functions 7^ a R 

in the spinor ansatz is of crucial importance for the eleven-dimensional compactification 

to describe the strongly coupled limit of the E 8 x E 8 heterotic string. 

12 Actually, in (|2.26() there is a sign difference compared to [TSj, which is due to a sign difference between 
[T§| and in the convention for the definition of $ in terms of a spinor bilinear. 
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3 On moduli stabilization 



In this section we would like to study the minima of the 4d M — 1 supergravity potential 
determined by W and K of the previous section in the standard way: 13 



and the issue of moduli stabilization for these backgrounds. However, in general the 
moduli spaces of SU(3) structure manifolds are not well-understood. In order to make 
progress, one can consider approximate solutions consisting of turning on small fluxes 
and neglecting their backreaction on the geometry. 14 Then the light fields in the low 
energy effective theory are described by the Kahler and complex structure moduli of 
the Calabi-Yau and the orbifold length. The latter constitute the light field content of 
the four-dimensional theory obtained from compactifications in which the flux-induced 
background deformation of the zeroth order internal space CY(3) x S 1 /^ is entirely 
encoded in warp factors. This is the case with the Curio-Krause solution (see also 
[3Hj for more details on this background) that was employed to argue for the existence of 
dS vacua [23] and assisted inflation [21] in heterotic M-theory. 

We start by analysing this background. More precisely, we will turn on a supersym- 
metry breaking flux on top of it and study whether the orbifold length can be stabilized 
at a dS vacuum. (This is not trivial as broken supersymmetry does not necessarily imply 
a de Sitter minimum of the scalar potential.) We also comment on the effect for moduli 
stabilization of the R 4 term of eleven-dimensional supergravity, which was shown in [10] 
to still be compatible with only warp-factor deformations. In addition, we show in passing 
how it corrects the generalized Hitchin flow equations to (9(k 4//3 ). Finally, we comment 
on the general case of non-Kahler deformations of the initial CY(3). 

3.1 Warp- factor deformations 

Since now we are interested in backgrounds that differ from the zeroth order one only by 
warp factors, we take gi n in (|2.20|) to be a CY{3) metric which is independent of x 11 . As 
usual, one can introduce the Kahler (ti) and complex structure (zj) moduli of the CY{3) 
via the decompositions: 



U = e K (K AB D A WD § W - 3\W\ 2 ) , 



(3.1) 





(3.2) 



i=i 



3=1 

OaO^K and Da — 0a + Ka- 



We define, as usual, Ka — OaK, K A g = 
This is the approach of 5 , for example. 
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where {wi} is a basis for H 1)l and {aj,/3j} a basis for H 3 . However, via the warp factors 
/ and k in (j2.21j) the seven-dimensional forms J and Q do depend on x 11 . So in order to 
obtain the moduli of the effective four-dimensional theory one has to perform a proper 
averaging over x 11 . Recall that the coefficients gj in ()3.2j) are not independent coordinates 
on the complex structure moduli space as they can be expressed in terms of Zj, i.e. 
9j = 9j(i z i}) ED- Also, among the z/s there is one extra variable since the dimension of 
the moduli space they parametrize is h 2 ' 1 and not h 2,1 + 1. That extra variable is related 
to rescaling of Q and hence to the volume modulus of the Calabi-Yau as Q A Cl « voIqy- 
In the following we will assume, as in [23123, that the Kahler and complex structure 
moduli have already been fixed. Given that, we will address the question whether the 
orbifold length can be stabilized at a dS minimum by the superpotential ()2.25|) only, i.e. 
without taking into account non-perturbative effects. One could also study whether other 
(than the orbifold length) moduli can be fixed by this superpotential. For the backgrounds 
of interest in this section, such will be the case with the complex structure moduli, as 
we will see in a moment. In fact, their stabilization would go exactly as in the weakly 
coupled string case and so we do not elaborate more on that. 

3.1.1 Curio-Krause background 

In order to specialize the considerations of Section 2 to the all-orders (in k 2 ^ 3 ) background 
of [2S], we set a* L = and for convenience denote ccr = a. Therefore, we are left with a 
superpotential of the form: 

W=^Je b [GA e 3f tt + ie k dx 11 A dJ A e 3/ fi] , (3.3) 

where we have substituted the relation a = e b ^ 2 from the previous section. The same 
relation follows from supersymmetry for the background of [25 j. Let us introduce the 
following notation for the general decomposition of the four-form field strength G w.r.t. 
the vector v: 

G(x m , X 11 ) = G'(x m , x 11 ) + v A H (x m , x 11 ) , (3.4) 

where i v G' = and i v H = 0. In the supersymmetric strong-coupling solution of (2Sj, G 
does not have a leg in the x 11 direction (i.e. H = 0) and G' = G'{x m ). Also, all warp 
factors are independent of x m (so, in particular, dJ = 2{duf)e 2 ^ dx 11 A J which vanishes 
in D) and 

k( x u ) = -b(x u ) . (3.5) 
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Clearly then, the superpotential is zero as expected for a supersymmetric Minkowski 
vacuum. 

Let us now turn on small supersymmetry breaking flux. In particular, since a (0, 3) 
flux component breaks supersymmetry [SO] , we choose H to be of the form 

H = ptt, (3.6) 

where p is an unspecified parameter. Since, following [5 3 , we neglect the backreaction on 
the geometry we still have the background of Therefore, the second term in ()3.3|) 
vanishes again (together with its derivatives). However, from the first one we obtain: 

,j/ W / e ««A^ 2 , P / W . 2 , P «(£,V,,. (3.7) 

(We have used the standard six-dimensional normalization J e^^QAQ = 8iV^)(x u ), which 
is consistent with (|A.7)1 .) The function V(C,V V ) is known to be 



V(A V,) = V« (l-SC+ l(S£) 2> j , (3.8) 

where V v is the Calabi-Yau volume at the visible boundary and S is a flux parameter 
that is independent of x 11 . The variables V and C are dimensionless and are obtained by 
conveniently measuring the CY volume V(e) and orbifold length L in terms of the following 
dimensionful reference quantities 



v = 8ir% , I = 2tt 1/3 Zii , (3.9) 

where In is the eleven-dimensional Planck length (e.g. £ = L/l, where x 11 G [0, L]). 

Before going on to study the minimization of the scalar potential U w.r.t. the orbifold 
length C, two remarks are in order. First, the universal moduli S, T of the zeroth order 
background CY(3) x S ,1 /Z, 2 are now functions of the moduli V v and £ via 

ReS = V(£, V v ) , ReT = £V 1/3 (C,V V ) . (3.10) 

Since we assume that V v has already been stabilized, 15 from now on everything is a 
function of a single variable C And second, from (|3.7J) it is immediately obvious that the 
decompactification limit C — > oo, in which one expects to find a global supersymmetric 
minimum as in [23] . is also a limit in which the susy breaking flux that we have turned 
on becomes very large. So its backreaction on the geometry cannot be neglected anymore 
15 This issue was studied in great detail for the weakly coupled heterotic string in [15115] . 
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and hence the approximation in which we are working (i.e. the Curio-Krause background 
plus additional small flux) breaks down. 

Now let us turn to the investigation of the scalar potential U. In principle, the indices 
A, B run over all moduli, which in our case also includes the complex structure ones. 
However, we have assumed that the latter are stabilized at a supersymmetric point and 
so DiW = where i = 1, h 2 ' 1 . Therefore, using 



K = K = - ln(S + S) - 3 ln(T + T) 



(3-11) 



and (EH), (jSSl) we find 



16 



u 



K SS D S WD S W + K 1 1 D T W DfW -Z\W 



TT . 



P 



4V 2 £ 3 



£ 2 V 2 + W 2 



(3.12) 



where 



CV + V 



and V = dV/dC The equation 



yi/3 H 

dU 
dC 



l£V- 2 / 3 V 







(3.13) 



(3.14) 



is quite messy, despite being purely algebraic. In particular, its numerator is a polynomial 
of 11th degree. 17 Hence it is not possible to write an analytic expression for its solutions. 
Nevertheless, one can find them numerically. It turns out that from the eleven roots three 
are real and positive and the rest are pairs of complex conjugates. Since we do not want C. 
to get too big in order to be within the range of validity of our approximation, we are left 
with only the smallest of the real roots, that we denote by C , as a possible solution. Its 
value depends on the parameter S. Realistic (i.e. phenomenologically preferred) values 
of S are between 1/30 and 2 or so [21] 18 We have investigated the values of the potential 
and its second derivative for various values of S in the above range and generically find 
that: 



U(C)\ 



c=c 



> 



and 



d 2 U 
dC 2 \£=£o 



> 0. 



(3.15) 



16 Notice that the axionic scalars, which make up the imaginary parts of S and T, appear neither in K 
nor in W in the case under consideration. 

Its coefficients are not at all illuminating and so we opt not to write them down. 

18 The dependence on the value of V v is only implicit through S [23 • The explicit dependence on V v 
cancels out of (|3.12(l . 
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Figure 1: The potential U(C) (in units of p 2 ) as a function of the orbifold length C The 
graph on the left is calculated for a value S = 1/11, while that on the right for S = 1/3. 

Two examples are: 

S = £ = 12.75 , U{Co) = 1.84 x 10"V , U"(£ ) = 7.36 x KT 2 p 2 

(3.16) 

and 

5 = - =>• £ = 3.48 , C/(£ ) = 6.74 x KT 2 p 2 , C/"(£ ) = 0A2p 2 . (3.17) 
3 

Hence it looks like we have found a local de Sitter minimum. 

Unfortunately though, things are not that simple. Namely, the Curio-Krause back- 
ground develops a curvature singularity when x 11 = 1/S [2*H| 12 3 j . Therefore, there is an 
upper bound on the physically allowed values of the orbifold length: £ < C max = 1/S. 
The dS minimum that we obtain always occurs at values Cq which are larger than J~- max , 
although C does shift towards C max as one increases S. The conclusion is then that the 
flux superpotential alone is not enough to stabilize the orbifold length at a dS vacuum 
within the allowed range. However, the behaviour of the function U(C), see Figure 1, 
suggests that one may be able to lower £ enough by including gaugino condensation 
(whereas the other crucial non-perturbative effect in [23], open membrane instantons, 
seems to be washed out by the contribution of the flux superpotential.). We defer more 
detailed discussion on that to Section 5. 
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3.1.2 R 4 term and torsion classes 



Including corrections to the Curio-Krause background, that are due to the R 4 term of 
eleven-dimensional supergravity, still results in a purely warp-factor deformation of the 
zeroth order internal space CY(3) x S ,1 /Z 2 jlOj. In fact, the solution in this case is only 
known to 0(k 4 ^ 3 ) Whether or not it can be extended to higher orders is beyond the 
scope of the present paper. 19 Nevertheless, it can be useful in building intuition about 
super symmetric backgrounds with both G' 7^ and H 7^ since it can accommodate both 
flux components turned on. In particular, one could perform in this background the same 
computation as in Subsection 3.1.1 in search for dS vacua. In doing so, one also has to 
take into account the correction to the Kahler potential 1)3.11)1 . that originates from the 
R 4 term in the effective action [30] - 20 However, we do not expect the result for the value 
of the orbifold length at the extremum of U, Co, to shift in the desired direction. The 
reason is that the R 4 contribution was shown in j^Uj to move Co towards larger values 
in the case of a superpotential generated entirely by non-perturbative effects. It is still 
possible though that the R 4 term influences differently the behaviour of Wfi ux ; this is 
certainly worth investigating and we hope to return to it in the future. Instead, here we 
want to address the role of the R 4 term in the SU(3) structure description of the internal 
manifold. In particular, we want to find out how it modifies the torsion classes of the 
latter (to order k 4//3 ). 

The background of 40 3 still satisfies = 0. Hence, it belongs to the class for which 
)3*U] derived 'generalized Hitchin flow' equations, albeit in the absence of the R 4 correc- 
tions. These equations are relations between dJ, dQ, d x iiJ, d x iiQ and the various flux 
components and warp factors, that follow from the supersymmetry condition 8m ^ = 0. In 
other words, they encode the information about what six-dimensional manifolds together 
with what fibrations of them along x 11 constitute solutions compatible with supersym- 
metry. However, the R 4 term in the lid effective action does modify the supersymmetry 
variation of the gravitino. So it should affect the above relations, which in particular 
means the relation between the torsion classes of the six-dimensional manifold and the 

19 Such an extension has to be done order by order, taking into account other relevant higher derivative 
terms like |44| . 

20 It may seem that this correction can be absorbed by a K-dependent field redefinition of the universal 
modulus S, but this is deceptive. The reason is that the gauge kinetic functions also depend on S. As 
a result, one cannot redefine away the i? 4 -induced correction but only shift it from the Kahler metric 
into the gauge kinetic functions. This, however, would spoil the correspondence with the weakly coupled 
heterotic string. So the natural place of the 7? 4 -induced correction is indeed in the Kahler potential. 
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background flux components. This is in line with the arguments in Section 4 of [37] about 
the influence of higher derivative terms on the relation between torsion classes and flux 
components for the weakly coupled heterotic string. As noted there, analyzing in full gen- 
erality the contribution of the higher derivative terms is quite a daunting task. However, 
we will see below that in the particular case of interest for us it is rather easy to compute 
to 0(k 4 / 3 ) the i? 4 -induced corrections. 

Despite the fact that the complete supersymmetry transformations in the presence 
of the R 4 term are still unknown, it was shown in jl^l EE] E] that for string and M- 
theory compactifications on special holonomy manifolds (more precisely: CY(3), G2 and 
Spin(7)) the gravitino transformation is modified by the R A term in the following way: 

= (D M + e(\/ N R MKPl p 2 )R NL p 3 p 4 R KL p 5 p 6 T p ^ P( >)r ] , (3.18) 

where Dm is the usual covariant derivative extended with flux terms, which for lid 
supergravity is 

Dm = Vjvr + -^^iX mnklp — 85mn^klp)G nklp , (3.19) 
Zoo 

and e is a numerical constant times k 4 / 3 in M-theory (and times a' 3 in string theory). 
In the rest of this subsection we will work with accuracy to order k 4//3 . It is clear then 
that in the second term of (J3.18j) one should substitute the zeroth order curvatures, which 
in our case are the curvatures for the direct product background M 4 x CY{3) x S 1 /Z 2 . 
Hence (J3.18|) simplifies to the following Killing spinor equation: 21 

5V m = (An + P m ) V = , (3.20) 

where 

P m = —sJmnd Q (3.21) 

with Q being the Euler density in six dimensions and J the Kahler form of the CY as 
before. 

It is very easy to trace how the new P m term in ()3.20j) affects the considerations of [30J. 

Let us first summarize the calculations without P m . From the supersymmetry condition 

S^m = D M V = and the expressions for the SU(3) structure defining forms in terms of 

21 Recall that m — 1, 6 are the CY dimensions. Clearly, the term cubic in curvatures in (|3.18|) does 
not contribute to any other directions. 
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spinor bilinears one derives (3.16)-(3.18) of |3Uj : 



dv 



2v A db 



dJ 



-4 J A db - 2 * G 



dtt 



3ft A db . 



(3.22) 



These equations can be decomposed into components along v and orthogonal to v. The 
first set determines the fibration structure of the 6d manifold Y along the interval (the so 
called 'Hitchin flow'), whereas the second set - the torsion classes of Y in terms of flux 
components and warp factors. (We will refer to both sets as 'generalized Hitchin flow' 
equations.) Let us now include the P m term. Recall, that the supersymmetry parameter 
7] is given in terms of the internal spinors 9 and 9* via the same kind of ansatz as the one 
for the four-dimensional gravitino. Taking into account P m clearly modifies the covariant 
derivative on 9 in the following way: 5(V m 9) = P m 9. Since P m is purely imaginary, this 
implies that 5(V m #t) = —P m 9^. Hence in the covariant derivative of any spinor bilinear of 
the form 9* r y mi ... m j9 the total contribution of the P m term is zero. Due to (|2.7|) . this means 
that dv and dJ do not get any correction. On the other hand, in the covariant derivative 
V n of any bilinear of the form 9 T j mi ___ mp 9 one obtains the additional term 2P n 9 T, j mi „, mp 9. 
Therefore, the last equation in ()3.22|) gets modified to 



where we have introduced the notation P = P m dx m . Since both i v P = and i v Q = 0, the 
new term does not affect the fibration structure along x 11 . However, it does contribute 
to the torsion classes of the six- dimensional slices. Comparing with (J2.2j) . we see that it 
changes W$ as 



Let us again remind the reader that the above result is only valid to order k 4//3 . 
Most likely, at higher orders the lid R A term will lead to additional corrections to the 
generalized Hitchin flow equations. Even in the simplest possible case, i.e. having warp 
factors only, given that generically the latter will depend on both x m and x 11 the cubic 
term in ()3.18|) seems poised to modify both the fibration structure along x 11 and the 
torsion classes of the six- dimensional slices. 

3.2 General backgrounds 

In this subsection we comment on the superpotential generated by more complicated 
backgrounds. An obvious generalization of the considerations of Subsection 13.11 is to 



dQ = 3ft A db + 2P A ft , 



(3.23) 



SW 5 = -IP . 



(3.24) 
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take the six- dimensional manifold with metric gi n to be non-Kahler. In this case the 
dependences on x 11 and x m do not factorize unlike in Subsection 13.11 Explicit solutions 
of this kind are not known at present. Hence, it is not possible to extract the explicit 
dependence of the superpotential on C. However, it is clear that in principle W does 
depend on it. Still keeping = 0, now both terms in 



are nonvanishing. Since all ingredients in ()3.25j) depend on x 11 , it seems in principle 
possible to stabilize the orbifold length. And due to the no-scale structure of the Kahler 
potential at leading order, the scalar potential is positive definite. Whether or not it can 
have dS vacua, apart from Minkowski ones, cannot be determined without a particular 
background at hand. 

The most general case is clearly given by both cll, clr 7^ 0. Now all terms in (|2.25jl are 
non- vanishing. As we have already mentioned, the moduli spaces of non-Kahler manifolds 
are not well-understood at present. Nevertheless, using loosely the terminology appro- 
priate for compactifications conformal to Calabi-Yau, we can see that the superpotential 
seems to depend both on the 'complex structure' moduli and on the 'Kahler' ones as in 
type II A flux compactifications. Hence, it is conceivable that the flux superpotential can 
stabilize all geometric moduli as in [5], which, in particular, includes the orbifold length 
as all quantities generically depend on it. Let us stress again that the M-theory super- 
potential (|2.25|) in the case of both and clr non- vanishing is applicable to heterotic 
M-theory only when the appropriate boundary conditions are allowed (including ai — > 
as one approaches the visible boundary). 

Final remark in this section: In the conventions of (35], the case ^,0^ ^ corresponds 
to different norms of the two internal singlet spinors. It was shown in j^Hj that this is a 
necessary but not sufficient condition for supersymmetric AdS vacua. On the other hand, 
supersymmetric Minkowski vacua can exist for either one of aL,a>R vanishing or both 
of them nonzero. Furthermore, (35] showed that for the perturbative heterotic M-theory 
background of jT^j, in which the six- dimensional space fibered over the interval is a generic 
non-Kahler manifold, only one of Ol and cir is nonvanishing; let us say for definiteness 
that ol = 0. This background is the most general perturbative supersymmetric solution 
with four-dimensional Minkowski space to first order in the k 2//3 expansion [33]. Since it 
is not known at higher orders though, clearly the considerations of [33] do not contradict 
the existence of heterotic M-theory solutions with both ciL,a# 7^ as long as the first 
nontrivial contribution to starts at order k 4 / 3 or higher. 




(3.25) 
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4 Kahler potential and charged matter vevs 



In this section we discuss what the implications of the presence of nonzero flux-induced 
superpotential are on the role of perturbative corrections to the Kahler potential and on 
the stabilization of the charged matter fields in heterotic M-theory. 

Let us start by recalling that in the effective action derived in ^J] the only contribution 
to the superpotential is given by 



where, up to a numerical coefficient, Auk are the Yukawa couplings and C 1 are the 
charged matter superfields that arise from the boundary E 8 gauge multiplets. Clearly, 
Wtree does not depend on the orbifold length £ nor on any other Kahler or complex 
structure modulus. In [23] the dependence on C was introduced via the non-perturbative 
contribution to the superpotential due to open membrane instantons (Wom) an d gaugino 
condensation (Wgc)- 

One may wonder, though, whether including perturbative contributions to the poten- 
tial U in (|3.ip . due to corrections to the Kahler potential, 22 will not change qualitatively 
the behavior of U as for the IIB string |48| . Indeed, similarly to the Kahler potential 
correction of |3H|, that was so crucial in the IIB case, there is also a correction to the 
Kahler potential of the universal moduli of heterotic M-theory due to the lid R 4 term 
|40j . Moreover, in (SUj it was argued that the general structure of this Kahler potential in 
heterotic M-theory is given by a series in powers of 1/Re(5) and l/Re(T) with leading 
correction terms: 



22 Recall, that the superpotential is not expected to get perturbative corrections because of the axionic 
shift symmetries arising from the gauge invariance of the lid three-form field C . 



w tree = K IJ kC i C j C 



(4.1) 




(4.2) 



where 




(4.3) 
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with 

K Q = -ln(S + S)-31n(T + f). (4.4) 

The correction found in [10] contributes to the An coefficient. Bi$ was determined in 
[TK] . The coefficients A03 and B 03 were also argued in (HDj to be non- vanishing. 

However, as was shown in jlQj, 8K(A\\) affected the behavior of the scalar potential U 
for the warp-factor-deformed background of 25j only by a small percentage. The same will 
be true also for any other term in ()4.2)1 . The simple reason is that since the charged fields 
C 1 were stabilized at a nonzero but very small value [2B], one could completely ignore 
their contribution to U when addressing the stabilization of C. In particular, one could 
drop Wtree in (|4.1[) . Due to that, there was no other contribution to the superpotential 
than Wnon-pert = Wom + Wqc- So the corrections to the Kahler potential 5K, which are 
already suppressed w.r.t. to Kq, get even more suppressed in U as to linear order in SK 
one finds schematically: 8U ~ 5K\W non - pert \ 2 . 

Clearly, if there is a nonzero contribution to the superpotential due to background 
flux and the related backreaction of the geometry (Wfi ux = W^ lux ' + W^ 9eom ^), then the 
above argument is no longer valid. I.e. terms of the form 5K\Wfi ux \ 2 dominate the terms 
8K\W non - per t\ 2 and hence can lead to significant qualitative changes w.r.t. the results 
of [23 121] • Even more, the no-scale structure (i.e. independence) of U on C is already 
violated by Wfi ux for generic backgrounds and so this is really the leading contribution. In 
fact, as we noted in the previous sections, Wfi ux depends on all geometric moduli and this 
opens up the possibility of stabilizing (for generic background flux) all of them without 
any non-perturbative effects similarly to type IIA string theory [5|. 

Finally, there is one more significant difference with the only-warp-factor background 
deformation considered in [23], that we should point out. Namely, the presence of Wfi ux 7^ 
affects the vevs, C5, of the charged matter fields C 1 . In |23J it was shown that the 
contribution of the C 7 's to the potential at the extremum is proportional to | C 1 4 ~ 
\W non - per t\ A and hence is strongly (exponentially) suppressed w.r.t. to the other terms in 
U which behave as \W non - per t\ 2 . On the other hand, repeating the same considerations 
now (i.e. with Wfi ux 7^ 0), one finds that these vevs are governed by Co ~ Wfi ux . Hence 
they are not exponentially suppressed anymore compared to the rest of the terms. It 
is still possible that they may be of subleading order in the expansion in terms of 1/V 
and 1/Vom, but this has to be checked on a case by case basis; it does not seem clear 
generically whether or not one can neglect the C 1 contribution while minimizing the 
effective potential U with respect to the remaining moduli, including the orbifold length. 
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5 Conclusions and discussion 



We considered M-theory compactifications on seven-dimensional manifolds with 577(3) 
structure. We derived the corresponding flux-induced superpotential for the most gen- 
eral M = 1 spinor ansatz, giving the embedding of the four-dimensional gravitino into 
the eleven-dimensional one. This result can be specialized to heterotic M-theory, upon 
imposing the appropriate boundary conditions. Essential for that is the extra generality 
of the 577(3) spinor ansatz as compared to the G2 structure one. However, we have not 
considered the E 8 gauge multiplets propagating on the boundaries of the Hofava-Witten 
set up. In the weakly coupled E 8 x E 8 heterotic string these gauge fields were shown to 
lead to an additional contribution to the superpotential [0] . It is undoubtedly of great in- 
terest to recover the corresponding result within the strongly coupled description. In this 
work we have concentrated only on the geometric moduli. However, ignoring the moduli 
of the C-field obscures the holomorphic nature of the superpotential. It is certainly worth 
investigating in detail how the axionic moduli complexify the geometric ones and restore 
holomorphicity. 

Although generically the moduli spaces of SU(3) structure manifolds are not well- 
understood, in the cases when the compactification spaces are conformal to Calabi-Yau 
the relevant moduli are essentially known. For a heterotic M-theory background [2H| of 
this kind, more precisely differing from the initial M^xCYfflxS 1 /Z2 only by warp factors, 
we investigated the implications of the flux-induced superpotential for the stabilization 
of the orbifold length C. Our interest was to find out whether £ can be stabilized at a 
de Sitter vacuum without including non-perturbative effects. The strategy was to turn 
on small supersymmetry breaking flux, whose backreaction on the geometry one ignores 
(as in the considerations of [5 J for type IIA moduli stabilization), and study the resulting 
scalar potential. This is similar in spirit to the KKLT scenario [2|, where one has a 
super symmetric AdS minimum and introduces probe anti-D3 branes to lift it to a dS 
one. Since branes and fluxes are often interchangeable via geometric transitions, it is 
conceivable that our setup may be mapped to a background with anti-branes in some 
dual string description. This is worth pursuing, but is well beyond the scope of the 
present paper. 

We did find a dS minimum of the scalar potential. However, it occurs at a value 
Cq of the orbifold length which is slightly larger than the physically allowed maximal 
one, Cmax- Strictly speaking, that means that the flux-induced superpotential alone is 
not enough in the search for dS vacua. On the other hand, the positive-cosmological- 
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constant minimum that we found did not have to be at £q so close to C max . It could 
have happened that £ is orders of magnitude larger than £ max instead of only several 
percent. We believe that their proximity is an indication that the minimum we found is not 
too far from a physical dS vacuum obtained by adding subleading quantum effects. The 
relevant non-perturbative contributions to the superpotential, from gaugino condensation 
and open membrane instantons, were studied in great detail in [23 . It was shown there 
that at smaller £ open membrane instantons dominate the scalar potential and lead 
to increasing energy density as £ decreases. On the other hand, at larger £ gaugino 
condensation is dominant and leads to increasing energy as £ increases. The two effects 
are balancing each other at some intermediate point, giving there a de Sitter minimum. 
The behaviour of our flux-induced scalar potential U is such that the energy decreases 
as one approaches £ max from below, the lowest value of U (in the physically allowed 
region) being attained at £ max (see Figure 1). Therefore the smallest values of U are in 
the range in which membrane instantons become negligible. However, in this range the 
contribution of gaugino condensation drives the potential up as £ increases • Hence, we 
would expect that the flux superpotential and gaugino condensation balance each other, 
producing a dS vacuum for orbifold length that is very close to £ ma x- 23 This picture seems 
very appealing and certainly merits a detailed investigation. We hope to report on that 
in the future. 

Another issue we touched upon is including R A corrections. Finding the appropriate 
background to all orders is a daunting task. But to order k 4//3 the geometric deformation 
of the initial M 4 x CT(3) x S 1 /Z 2 is still encoded in warp factors only |3U]. We showed 
that, to this order, the R A term contributes to the generalized Hitchin flow equations, 
that determine the supersymmetric background, by only changing the torsion class W5 of 
the six-dimensional slice orthogonal to the orbifold direction. It is a natural question to 
ask how this higher derivative term affects the stabilization of the orbifold length. It is 
also worthwhile to address other higher derivative corrections as well as attempt to build 
the effective heterotic M-theory action at higher orders in the k 2 ^ 3 expansion with the 
methods of [TBI HZ|- 

Finally, one could try to explore the stabilization of other (than the orbifold length) 
moduli in specific cases. The M-theory superpotential that we have found seems to 
depend on all geometric moduli and hence holds great promise for generic background 
fluxes. It would also be interesting to extract from the supersymmetric minima of this 
superpotential the classification of [221 of the M = 1 supersymmetric backgrounds in 
23 Recall, that this is also the most phenomenologically-preferred value of the orbifold length. 
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M-theory in terms of relations between torsion classes and flux components. 
Note Added 

After submitting the first version of this paper to the arXiv, we were informed of the work 
in progress |3T] where the superpotential for M-theory on SU(3) structure manifolds has 
also been derived (both for M = 1 and M = 2 supersymmetry in 4d), and is found to agree 
with our results in Section 12.21 We thank M. Cvetic for providing us with a preliminary 
draft of this work. 
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A Conventions and definitions 

We use the notation M,N,... (ranging from 1 to 11) for eleven-dimensional indices, 
fi, z/, . . . for four-dimensional ones, and a,b, . . . for seven-dimensional ones. For six- 
dimensional indices (i.e. not including x 11 ), we write m,n,p,q etc.. 

We take the 11-dimensional gamma matrices to satisfy {Tm,^n} = ^9mn and to be 
real. When reducing on a direct product metric, we decompose them as 

r M = 7^(8)1, and T a = 7 <g> 7a . (A.l) 

However, when reducing on a warp factor metric of the type 

ds 2 = e 2b ds 2 4) + e 2f ds 2 6) + e 2k (dx n ) 2 , (A.2) 

in order to retain {7^,7^} = 2g$ etc., we need to decompose T M as 

r„ = e 6 7/ , <g> 1, r a = 7 <g> e / 7a and r u = 7 ® e fe 7n . (A.3) 

This can also be seen by first reducing on a direct product metric and then performing a 
rescaling of the metric to introduce the warp factors. (Note that 7 = ^f zr gl^e tl vpal il 'l v l ( 'l a 
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is invariant under taking ds 2 ^ — > e 26 ds? 4 )). The following identities involving the Tm are 
frequently useful (we define T Mi -m p = r [Mi r M2 • • ■ T Mp] = l/p\[T Ml T M2 • • • T Mp ± . . .]): 

(A.4) 

rjVi-JV p rAf = r7v r --V p A/ + P^[Ni-N p -i9N p ]M ■ 

In 7 dimensions the gamma matrices are taken to be imaginary and antisymmetric (and 
thus hermitian). Their antisymmetric products 7 ai -. a „ — l[a 1 la 2 ' ' - 7a„] satisfy the rela- 
tion: 

[lax-aj = ("J 2 lax-an ( A - 5 ) 

Seven-dimensional spinor products can be rearranged via the following Fierz identity: 

d\Md % d\Md A = - (e\e A e\MMe 2 + e\ la e A e\M-i a Me 2 

1 ! x (A.6) 

2 o 

where A4,Af are arbitrary products of gamma matrices. Fierz rearrangements will be 
very useful when checking the properties of the spinor bilinears defined in (|2.7|) . 
The volume of the internal seven manifold is defined as 

V( 7) = J *l = ^ J J AJ AJ Av= % - J VtAVtAv (A.7) 

(all Hodge stars in the appendix will be seven dimensional). Given these normalizations, 
and the result (given below) that J ab J a b = 6, we can find the duals of J and J A J: 24 

*J =-j a J Av, *(JA J) = 2.J Av . (A.8) 

Also, since fl abc Q abc = 48 (as follows from (|B.6|1 ). we find: 

*Q = -ittAv, *Q = ittAv. (A. 9) 

It is also easy to check, using v a v a = 1, that *v = | J A J A J. 



B Some useful formulae 

In this Appendix we expand on some results that are required for the calculations in 
section l2~2l One can easily derive the very useful relations 

(dv) ab = lT\a h fv c , {dJ)abc= §T[ab J\d\c], (dQ,) abcd = 12T[ afc e f2| e | crf ] , (B.l) 



'Recall that J a p A (*#,) = ^ J a ai ...a p P ai '" a * * 1. 
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by using SU(3) invariance, V^u; = 0, where is the connection with torsion and 
10 = v , J or Q. Alternatively one can also arrive at (|B.1|) from the definition of the forms 
as spinor bilinears. For instance, to show the second relation in (|B.1J) . we can use the 
definition of J from (J2.7j) . and that V a # = |t o & c 7 6c 0, along with V ' a 6^ = — |T a6( #7 6c (since 
{ibcV = -76c) to compute: 

V a J bc = V a (-i9^ bc 9) = l -r a d ^{ ldelbc - lbclde )6 . (B.2) 

It is straightforward to show that 

Idelbc - Ibclde = ^dblce + Qdcleb ~ 9eblcd ~ 9ecldb) ■ (B.3) 

Using this and the antisymmetry of r abc in its last two indices, and antisymmetrizing w.r.t. 
a,b,c , we find: 

3i 

(dJ) abc = 3V [a J bc] = —T [a de {Sg m 6^ c]e ) = 6ir [a de g bldl (iJ c]e ) = -6r [ab d J c]d . (B.4) 

Using (|A.6|) it is straightforward to derive the following identities for the 577(3)- 
defining forms: 

J ab J bc = -6 a c + v a v c (B.5) 

and 

& abc \bd = ~8tJ c d + 86 c d - 8v c v d . (B.6) 

These formulae imply, upon using the normalization v a v a = 1, that J ab J a b = 6 and 
Q abc Cl abc = 48, which coincide with the standard normalizations for szx-dimensional SU(3) 
structure manifolds. Another useful relation that follows from (jA.6|) is 

J a b Q bcd = iQ acd . (B.7) 

We can connect the various components of the contorsion tensor r abc to the forms that 
define the SU (3) structure as 

J ab r abc v c *1 = ^dv A v A J A J 

T abc n abc * 1 = -dJ A Cl A v, (B.8) 

v a (r abc - r bac )j bc * i = hdti a n + dli a n) . 

o 

Notice that the r abc (v A J) abc term in (|2.17|1 leads to both the first and the third term in 
the expression above. In order to use (jB.8|) . that term is most efficiently decomposed as 

Tabc(J A v) abc = 3r afcc J>V] = r abc (J ab v c + J bc v a + J C V) = v a (r abc - r bac )J bc + J ab r abc v c . 

(B.9) 
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